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Abstract. We prove an analogue of the Tate conjecture on homomorphisms 
of abelian varieties over infinite cyclotomic extensions of finitely generated 
fields of characteristic zero. 



1. Introduction 

The aim of this note is to extend Fahings' results [U [5] concerning the Tate con- 
jecture on homomorphisms of abehan varieties [15[ 116) over finitely generated fields 
K of characteristic zero to their infinite cyclotomic extensions K{t) = K{^e<x>). 
The possibility of such generarization (in the case of number fields K) was stated 
(without a detailed proof) in \W, §6, Subsect. 2, pp. 91-92]; it was pointed out 
there that this result follows from the theorem of Faltings combined with technique 
developed in and a theorem of F.A. Bogomolov about homotheties [HE]- Our 
main result is the following assertion. (Here Gal(£') stands for the absolute Galois 
group of E while T^iX) and Ti{Y) are the Tate modules of abelian varieties of X 
and Y respectively.) 

Theorem 1.1. Suppose that K is a field that is finitely generated over Q and £ is 
a prime. Let us put E = K{t}. If X and Y are abelian varieties over E then the 
natural embedding of Xi-modules 

RomE{X,Y) ® Z, HomG,i(£)(T,(X),r,(y)) 

is bijective. 

Remark 1.2. Replacing K by its suitable finite (sub) extension (of E), we may in 
the course of the proof of Theorem 11.11 assume that both X and Y are defined over 
K. 

Remark 1.3. A.N. Parshin [HI §6, Subsect. 2, pp. 91-92] conjectured that the 
following analogue of the Mordell conjecture holds true: if if is a number field and 
C is an absolutely irreducible smooth projective curve over E — K{£) then the set 
C{E) of its £^-rational points is finite if the genus of C is greater than 1. Theorem 
11.11 has arisen from attempts to understand which parts of Faltings' proof of the 
Mordell conjecture :4: can be extended to the case of K{£). 

The paper is organized as follows. In Section[5]we discuss the £-adic Lie algebras 
arising from Tate modules of abelian varieties and their centralizers. In Section [3] 
we deal with analogues of the Tate conjecture on homomorphisms over arbitrary 
fields. In Section |4] we prove the main result. 

I am grateful to A.N. Parshin for stimulating discussions. 
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2. Tate modules, £-adic Lie groups and Lie algebras 

Let if be a field, K its algebraic closure and G&\{K) — K\il{K/K) its absolute 
Galois group. If m is a positive integer that is not divisible by c\\ai{K) then we 
write /im for the cyclic order m multiplicative subgroup of mth roots of unity in 
K and K(fj,m) for the corresponding cyclotomic extension of K. If ^ is a prime 
different from chaT{K) then we write K{£) for the "infinite" cyclotomic extension 

It is well known that the compact Galois group Ga\{K{£)/ K) is canonically iso- 
morphic to a closed subgroup of . We write 

Xi : Gal(if ) ^ Z*g 

for the corresponding cyclotomic character; its kernel coincides with Gal(-fi'(^)) = 
Ant{K/K{£)). 

We write Z^(l) for the projective limit of the groups fiij where the transition 
map fj-ii+i — !> fj-ii is raising to ith power. It is well known that Z^(l) is a free 
Zf-module of rank 1 provided with the natural structure of a Galois module while 
the defining homomorphism 

Ga\{K) -> Autz,(Z^(l)) = Z| 

coincides with xe- Let us consider the 1-dimensional Q^-vector space 

Q,(l) = Z,(l) ®z, Qf, 

which carries the structure of a Galois module provided by the same character 

Xi : Gal{K) ^ Z,* C Q| = Autq, (Q,(l)). 

Let A be an abelian variety over K and End/f (A) the ring of its ii'-endomorphisms. 
If X and Y are abelian varieties over K then we write Homi<-(X, Y) for the group 
of A'-homomorphisms from X to Y. If m is as above then we write for the 
kernel of multiplication by m in A{K). The subgroup A„i is a free Z/mZ-module 
of rank 2dim(A) 6 and a Galois submodule of A{K). 

We write Tg{A) for the £-adic Tate module of A, which is the projective limit 
of the groups A(j while the transition map A^j+i — )■ A^j is multiplication by £ [B]. 
It is well-known that T({A) is a free Z^-module of rank 2dim(A), the natural map 
Ti{A) — Agj gives rise to the isomorphisms 

Ti{A)/e = A,: 

and the Galois actions on Ap give rise to the natural continuous homomorphism 
{£-adic representation) 

PLA = Pi,A,K ■■ Gal(if) AutzATiiA)), 

which provides Te{A) with the natural structure of a Gal(iir)-module [TU]. The 
image 

Ge,A,K = pi,AiGal{K)) c Autz,(r,(A)) 

is a compact ^-adic Lie group [10] ; clearly, G£^a,k Cl + ^■'Endz, (T^ (A)) if and only 
if Ga\{K) acts trivially on Ti{A)/P = A^j , i.e.,' A^, C A{K). 
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Clearly, Ga.\{K{£)) = Ant{K/K{£)) is a compact normal subgroup of Ga.\{K). 
We write G\ for its image pi^x{Ga\{K {£))), which is a compact normal Lie 
subgroup of Gi.A.K- By definition, 

Let us consider the 2dini(j4)-dimensional Q^-vector space 

Vi{A)=Te{A) Qe 
One may view Tg{A) as the Z^-lattice in Vi{A). We have 

Gi,A,K C Autz,{Te{A)) c AutQ,{1/,(A)), 

which provides Ve{A) with the natural structure of a Gal(-ftr)-module. 

Notice that the Lie algebra of the compact £-adic Lie group Autzi,(Ti{A)) co- 
incides with EndQg {Vi{Aj) . The Lie algebra qi^a of Ge^AM is a Qi-linear Lie 
subalgebra of Endq^, The Lie algebra 0°^ of Gj j^j^ is an ideal in qi^a- It 

is known [10] that the Lie algebras qi^a and will not change if we replace K 
by its finite algebraic extension. 

Let Id be the identity map on Ve{A) and let 

tr:EndQ,(T/f(A)) ^Q^ 

be the trace map. Let 

det: AutQ,(F£(A)) ^Q* 

be the determinant map. We write 5l{Vi{A)) for the Lie subalgebra of traceless 
linear operators in Endq^ (Vf (A)). 

Let Endg^ ^ {Ve{A)) be the the centralizer of Qe,A in Endq^ {Vi{A)) and End^o ^ {Ve{A)) 
be the the centralizer of in Endq, (Vi(A)). Clearly, 

Q,Id C End,,jV,{A)) C End^a jV,{A)) C Endq, 
Remark 2.1. Since q^^a is the Lie algebra of Ge^A,K, 

End,, AVi{A)) D EndG,,,,^(F,(A)) = EndG,i(K)(V^^(^)). 
Since 0° ^ is the Lie algebra of ^ ^, 
End^o jVeiA)) D Endai^ jVi{A)) = EndG.^K(i))mA)) = Endc^KB) 
In the following two propositions we assume that A has positive dimension. 

Proposition 2.2. (1) qIa = fl^A n C s[(V«(A)). 
(2) Suppose that Qi^a contains the homotheties Q^Id. Then 

Qi,A = Qfid® 0"^. 

In particular, the centralizer s End,, j,^{Vi{A)) and End, ^{yi{A)) do coin- 
cide. 

Proof. It is known [S], Sect. 1.3] that a choice of a polarization on A gives rise to a 
nondegenerate alternating bilinear form 

ei : Vt{A) X ^ Q^(l) 

such that 

ez(p£,A(CT)(a;),p£,A(CT)(y)) = Xi{^) ■ei{x,y) Va;,y £ y«(A);(T £ Gal(i^). 
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By fixing a (non-canonical) isomorphism of Q£-vector spaces 

we may assume tliat the alternating form e; takes on values in Q^. We obtain that 
Ge,A,K lies in the corresponding group of symplectic similitudes 

Gp{Ve{A),ei) = {s e AutQ,(Vf(A)) | 3c G Q| such that 

ei{sx,sy) =c-ei{x,y) Va;,j/ e Vi{A)} c AutQ,(V^(A)) 

and xe coincides with the composition of 

pi^A ■ Gal(ii:) Gi^A,K 

and 

Ge,A,KCGp{Ve{A),ee)^Q*i 
where the scalar c(s) is defined by 

ee{sx, sy) = c(s) • ee{x, y) Va;, y G Vi{A); s G Gp(V^(^), en). 

Clearly, 

c : Gp(V^(A), e£)-)-Q|, s ^ c(s) 
is a homomorphism of ^-adic Lie groups and 

(recall that Vi{A) is a 2dim(A)-dimensional Q^-vector space). It is also clear that 
Ge,A,K coincides with the kernel of the homomorphism of f-adic Lie groups 

c : Ge^A,K C Gp{Ve{A),ee) -)■ Q|, 

and therefore ^ coincides with the kernel of the corresponding tangent map of 
Lie algebras 

9e,A — ^ Q^- 

On the other hand, one may easily check that the tangent map is 

(because tr is the tangent map to det.) This implies that 

QlA = Qi,A^sKVe{A)). 

This proves the first assertion of Proposition. In order to prove the second assertion, 
notice that Qgld Ci 5l{Ve{A)) = {0} and therefore ge^A contains Q^Idffig^^. On 
the other hand, since is the kernel of qi^a Qe, its codimension in g^^A is (at 
most) 1. This implies that q^^a ~ Q^Id ® Qe.A- ^ 

Proposition 2.3. There exists a finite separable algebraic field extension Kq/K 
that enjoys the following properties. 

If K'/Kq is a finite separable algebraic field extension then 

EndGai(K')(^K^)) = Endg,,,(y,(A)). 
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Proof. (Compare with [9, Prop. 1 and its proof].) Let us choose open neighbor- 
hoods V of in ge,A and U of Id in G^.a.k such that the ^-adic exponential map 
exp and logarithm map log establish mutually inverse Q^-analytic isomorphisms 
between V and U . 

Let Go be an open subgroup of Gt^A,K that lies in U . (The existence of such Gq 
follows from CoroUary 2 in [HI Part II^ Ch. 4, Sect. 8, p. 117].) 

Then Vq = log(Go) is an open subset of q^^a that contains and Gq = exp(Vb). 
Clearly, Gq has finite index in Gi^a.k and 

EndG,(T/,(A)) = ^n&Vo{Vt{A)) = Endg,^ (t4(A)). 

The preimage of Go in Gal(i4r) is an open subgroup of finite index and therefore 
coincides with Gal(iro) for a certain finite separable algebraic field extension of 
K . It follows that 

EndGai(/fo)(Vi(A)) = EndGo(V^£(A)) = Endg,,^(T/,(A)). 

If K' IKq is a finite separable algebraic field extension then QtAiK'^ is a compact 
subgroup of finite index in Gal(iiro) and its image G' = pf_^(Gal(iir')) is a closed 
subgroup of finite index in Go and therefore is open in Go and therefore is also 
open in Gi^a,k- As above, V — log(G') is an open subset of ^i^a that contains 
and G' — exp(F') and 

EndGai(K')(^^H^)) = EndG'(T4(A)) - Endy,(T/,(^)) - Endg,^ (F,(A)). 

□ 

3. HOMOMORPHISMS OF ABELIAN VARIETIES 

Throughout this Section, X, Y, Z, A are abelian varieties over K and £ is a prime 
different from cha.r{K). We write Homif(X, F) for the (finitely generated free) 
commutative group of if-homomorphisms from X to Y. If X ^ Y = A then 
Hom/f (X, Y) coincides with the ring End/f (A) of iiT-endomorphisms of A. 

There is a natural embedding of Z^-modulcs 

ix,Y,K ■■ nomKiX,Y) ® Z, HomGai(if)(T,(X), T,(y)), 
whose cokernel is torsion free [SI [TB] . 

Remark 3.1. Notice that if L/if is a finite or infinite Galois extension and 
ix,Y.L ■■ Homi(X,y) ® Z, HomGai(L)(Tf(^),T,(r)) 

is bijective then ix,Y,K is also bijective. This assertion follows easily from the 
following obvious description of Gal(L/iir)-invariants 

Hom7<(X,r) = {HomL(X,r)}°^'(^/-^), 

HomGai(K)(T£(X),r,(r)) = {HomGai(L)(T£(X),r,(r))}G-'(^/^) 
and the Gal(L/iir)-equivariance of ix,Y,L- 

Extending ix,Y,K by Q^-linearity, we obtain the natural embedding of Q^-vector 
spaces 

IX, YM ■■ llomK{X,Y) (E)Cli^ RomG^i^K){Vi{X), Ve{Y)), 
see [E! Section 1, displayed formula (2) on p. 135]. 

The following observations are due to J. Tate [16l Sect. 1, Lemma 1 and Lemma 
3 and its proof on p. 135]. 
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Lemma 3.2 (of Tate). (1) The map ix,Y.K is bijective if and only ix.Y,K is 
bijective. 

(2) Let us put Z ^ X X Y . If the embedding 

iz,z,K ■■ EndK(Z) ® EndGai(K) 
is bijective then 

ix,Y,K ■■ iiomK{X,Y) ® Q, UomG^i^K)iViiX),Ve{Y)) 
is also bijective. 

Tate [ini [16] conjectured and G. Faltings [U [5] proved that this embedding 
is actually a bijection when K is finitely generated over the field Q of rational 
numbers. 

Theorem 3.3. Suppose that K is field and £ is a prime that is different from 
char(_ftr). Let us put E — K{t}. Suppose that A is an abelian variety of positive 
dimension over K such that for all finite separable algebraic field extensions K' / K 
the embedding 

iA,A,K' ■■ Endif'(A) (g)Qi^ EndGai(if')(V(?(^)) 
is bijective. If Qe^A contains the homotheties Q^Id then the infective maps 
Ia.a.e ■■ End£;(A) ® EndGai(B) (^^(A)) 

and 

iA,A,E ■■ EndE{A) (giZe^ EndGai(B)(7>(^)) 

are bijective. 

Proof. Let us consider the field K2 = K{Ap) of definition of all points of Ag2 and 
put E2 = K2{£). Clearly, K2/K and E2/E are finite Galois extensions. Applying 
Remark l3.1l fto E2/E instead of L/K) and Lemma [3T2] l io X ^ Y — A, vfe observe 
that in the course of the proof we may (and will) assume that 

K ^ K2 = K{Ap), 

i.e., All C A{K). Since £^ > 4, it follows from a result of A. Silverberg [T4l that all 
-^-endomorphisms of A are defined over K . In particular, 

Endj^(^) = Ends (A) = End^.(A). 

Using Proposition [22I we may replace K by its finite separable algebraic extension 
in such a way that 

EndGai(K')C^^(^)) = Endg,,^(\^,(A)) 
for all finite separable algebraic field extensions K' of K. 

Let Ki^ /K satisfies the conclusion of Proposition l2.3l Replacing Kq by its normal 
closure over K, we may and will assume that Kq/K is a finite Galois extension. 
Let us put Eq — Ko{£). Clearly, Eq/E is a finite Galois extension and 

EndB(^) = EndK{A) = EndjiM) = End£;„(A). 
By the assumption of Theorem 13.31 

EndGai(K„)(V«(A)) = EndKoiA) (g) 

By Proposition [231 

EndG.,^Ko)iVi{A)) = End,,jV,{A)). 
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This implies that 

End,f„(A) Q, = Endg,_^(Vi(A)). 

By Proposition [2?2l 

Endg,_,(T/,(A))=EndgojV-,(A)). 

This imphes that 

EndB„(A) Q, = EndKo(A) - End^o ^ 

By Remark |2 . 1 1 apphed to ifo and £'o (instead of K and i?), 
End^o jVe{A)) D EndG.UE„){Vi{A)). 

So, we get 

EndsM) ®Qi= EndgO^(F,(^)) ^ Endc^K^^) ^ Endi;„(A) ® Q,, 
which imphes that 

EndsM) Q€ = End^o jVeiA)) = EndcaUBo) ("^'£(^)) = Endi5„(A) Q,. 
In particular, 

EndB,(A) ® Q, = EndGai(B„)(V£(A)). 
Now Lemma [3. 21 1 applied to X — Y ^ A and to i?o (instead of K) implies that 

EndB„(yl) ®Ze^ EndGai(£o)(T^^(^))- 
It follows from Remark 13.11 (applied to Eq/E instead of i/ K) that 

End£;(A) Z, = EndGai(B)(T,(A)). 
Again, Lemma [3.21 1 tells us that 

EndB(A) ® Q, = EndGai(B)C^^£(^)). 

□ 

Lemma 3.4 (of Clifford). Let G be a group and H its normal subgroup. Let 
W be a vector space of finite positive dimension over a field k. Let p : G ^ 
Autfc(W^) be a semisimple (completely reducible) linear representation of G. Then 
the corresponding H-module W is also semisimple. 

Proof. Let us split W into a finite direct sum W = ®Wi of simple G-modules Wi. 
By Theorem (49.2) of [3], the corresponding _ff-modules Wi are semisimple. This 
implies that the iJ- module is a direct sum of semisimple i/- modules Wi 's and 
therefore is also semisimple. □ 

Proposition 3.5. Let L/K be a finite or infinite Galois extension of K . If the 
Gal{K) -module Ve{A) is semisimple then the Gal{L)-module Ve{A) is semisimple. 



Proof. Since L/K is Galois, the subgroup Gal(L) of Gal(i4r) is normal. Now the 
result follows from Lemma □ 
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4. HOMOTHETIES, CENTRALIZERS AND SEMISIMPLICITY 

Theorem 4.1 (of Bogoniolov). Suppose that K is a field that is finitely generated 
over Q and £ is a prime. Let A be an abelian variety of positive dimension over K , 
Then Q£,a contains the homotheties Q^Id. 

Proof. When 7^ is a number field, this assertion was proven by Bogomolov [U [2] . 
The case of arbitrary finitely generated K is also known ^3, Sect. 1, p. 2] and 
follows from the number field case with the help of Serre's variant of the Hilbert 
irreducibility theorem for infinite extensions ([T^, Sect. 1], [TH Sect. 10.6], [7J Prop. 
1.3 on pp. 163-164]). Indeed, there exist a number field F, an abelian variety B 
over F with dim(yl) = dim(_B) and an isomorphism of Z^-modules u : Ti{A) = 
Ti{B) such that u^^Gi^b.fu — Gi^a.k- Extending u by Q^-linearity, we obtain 
the isomorphism of Q^- vector spaces Ve{A) = Vi{B), which we still denote by u. 
Clearly, 

Since is a number field, Qe_B contains all the homotheties, which implies that qi^a 
also contains all the homotheties. This ends the proof. □ 

Proof of Theorem In light of Remark 11.21 we may and will assume that X 
and Y are defined over K. Let us put A = X x Y . Since K is finitely generated 
over Q, every finite algebraic extension K' of K is also finitely generated over Q. 
By the theorem of Faltings [H [5] , the injection 

iA,A,K' ■■ EndK'(A) ® ^ EndGai(K')(^H^)) 
is bijective. Thanks to Theorem 14. 1[ we know that qi^a contains the homotheties 
Qfld. Now the desired result follows from Theorem 13 .31 combined with Lemma 

Corollary 4.2. Suppose that K is a field that is finitely generated over Q and £ is 
a prime. Let Ei be a field extension of K that lies in K{£). If X and Y are abelian 
varieties over Ei then the natural embedding of Tig-modules 

RomE, {X, Y)®T.,^ Homc^KB^) (r,(X), Tt{Y)) 

is bijective. 

Proof. Since K{£)/Ei is a Galois extension, the result follows from Theorem 11.11 
combined with Remark |3 . 1 1 applied to K{£)/Ei. 

□ 

Theorem 4.3. Suppose that K is a field that is finitely generated over Q and £ is 
a prime. Let L/K be a finite or infinite Galois extension. (E.g., L = K{£).) Let A 
be an abelian variety of positive dimension over K . Then the Gal{L) -module Vi{A) 
is semisimple. 

Proof. Faltings [4j [5] proved that the Gal(i^)-module Vi{A) is semisimple. This 
also covers the case when L/K is a finite (Galois) extension. The case of infinite 
L/K follows from Faltings' result combined with Proposition 13.51 

□ 

Theorem 4.4. Suppose that K is a field that is finitely generated over Q . Let 
L/K be a finite or infinite Galois extension. Let A be an abelian variety of positive 
dimension over K . Then the Ga\{L) -module Ai is semisimple for all but finitely 
many primes £. 
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Proof. For all but finitely many primes i the Gal(if )-module Ae is semisimple. 
Indeed, when K is a number field, this assertion is contained in Corollary 5.4.3 
on p. 316 of 'TS' (the proof is based on results of Faltings [4 ). The same proof 
works over arbitrary fields that are finitely generated over Q, provided one replaces 
the reference to Prop. 3.1 of [4 by the reference to the corollary on p. 211 of [5]. 
Since L/K is Galois, Gal(L) is a normal subgroup of Gal(if). Now the desired 
result follows from Lemma IX4l applied to k = F£,W = Ae and G = Gd\{K), H = 
Gal(L). □ 
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